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Daxing Xiong∗
Department of Physics, Fuzhou University, Fuzhou 350108, Fujian, China
We address the issue of whether the golden mean
[
ψ = (
√
5 + 1)/2 ≃ 1.618] universality class,
as predicted by several theoretical models, can be observed in the dynamical scaling of thermal
transport. Remarkably, we show estimate with unprecedented precision, that ψ appears to be the
scaling exponent of heat mode correlation in a purely quartic anharmonic chain. This observation
seems somewhat deviation from the previous expectation and we explain it by the unusual slow
decay of the cross-correlation between heat and sound modes. Whenever the cubic anharmonicity
is included, this cross-correlation is gradually died out and another universality class with scaling
exponent γ = 5/3, as commonly predicted by theories, seems recovered. However, this recovery is
accompanied by two interesting phase transition processes characterized by a change of symmetry
of the potential and a clear variation of the dynamic structure factor, respectively. Due to these
transitions, an additional exponent close to γ ≃ 1.580 emerges. All these evidences suggest that,
to gain a full prediction of the scaling of thermal transport, more ingredients should be taken into
account.
Introduction.—Despite decades of intensive studies [1–
26], our understanding of thermal transport in one-
dimensional (1D) systems is still scarce. Macroscopi-
cally, such transport is described by an empirical law,
i.e., the Fourier’s law: J = −κ∇T with J the heat cur-
rent, ∇T the spatial temperature gradient, and κ a ma-
terial constant named as thermal conductivity. Never-
theless, now it has been generally realized that Fourier’s
law is not always valid; instead, an anomalous transport
will be shown in most cases [1–3]. In particular, in the
momentum-conserving systems which are of particular
interest, this anomaly is mainly characterized by [27]:
α describing the divergence of κ with increasing space
size L as κ ∼ Lα with 0 < α ≤ 1 (normal transport,
α = 0) [6, 8–11, 13–15, 17–19, 24, 26], and γ giving
the space(m)-time(t) scaling of energy/heat correlation
ρE/Q(m, t) by t
− 1γ ρE/Q(
m
t1/γ
, t) with 1 ≤ γ < 2 (normal
transport, γ = 2) [12, 16, 20–23]. Based on Le´vy walk
assumption [12, 28], there is a generic formula α = 2− γ
linking α and γ, while currently, the universality classes
of both exponents remain unclear.
Early studies focused on α. Based on mode coupling
theory [6, 17], hydrodynamics renormalization group ap-
proach [10], solvable model of stochastic dynamics [15],
and numerical investigations [6, 9, 17–19], three univer-
sality classes, α = 2/5, α = 1/3, and α = 1/2, at that
time, are the most common ones. However, such uni-
versality classification was doubted [29, 30], and later, a
mode cascade theory (MCT) [13, 14] took the peculiar
coupling between energy and momentum transport into
account and suggested that, generally, α belongs to a Fi-
bonacci universality sequence and will finally converge to
one kind of golden mean values α∗ = (3−√5)/2 ≃ 0.382.
The scaling exponent γ is of interest since heat trans-
port is related to energy/heat diffusion process. Several
pioneering studies [12, 16, 20] employed energy correla-
tion and obtained γ = 5/3. Later, since 2012 additional
insights have been gained from the tool of nonlinear fluc-
tuating hydrodynamic theory (NFHT) [21, 22], which
considered the full three normal modes (one heat mode
and two sound modes) correlations. Based on this, van
Beijeren [21] first predicted γ = 5/3 universality class for
heat mode correlation in general Hamiltonian dynamics
with three conservation laws. Such universality class was
subsequently demonstrated in Fermi-Pasta-Ulam (FPU)
chains with asymmetric potentials [22], and generalized
to an arbitrary anharmonic chain but with another uni-
versality class γ = 3/2 (for symmetric potentials un-
der zero pressure) reported [31]. Recently, two research
groups studied the systems when the sound modes are
absent [25, 26]. Based on explicitly solvable models of
stochastic dynamics [15], they observed normal [25] and
anomalous (with new exponents reported) [26] transport,
respectively.
Since NFHT addresses the hydrodynamic descrip-
tion for conserved quantities, quite recently it has been
adopted to study the relevant dynamical structure func-
tion in general transport processes far away from equi-
librium, from which several similar scaling exponents as
γ [32] have been extracted and their universality classes
have been discussed [33–37]. In particular, in the pres-
ence of several conserved quantities, a Fibonacci univer-
sality sequence of γ converging to another kind of golden
mean values ψ = (
√
5 + 1)/2 ≃ 1.618 [34] was predicted.
Subsequent demonstrations showed that this γ = ψ uni-
versality class can also appear in the case of two conserva-
tion laws [35–37]. Such progress in turn provided renewed
insight into the scaling of 1D thermal transport, which
led Spohn [38] to reformulate the universality classifica-
tion to include the new classification γ = ψ and further
argue that this is induced by the cross-coupling between
different modes. Nevertheless, still at present, the γ = ψ
classification has not yet been reported in any numerical
studies of thermal transport [39].
In this Letter, we therefore address the question:
whether ψ can be observed in the scaling of thermal
2transport in an anharmonic chain system. We will try
to find such a system from numerical perspective. Re-
markably, our following estimate of a purely quartic an-
harmonic chain just gives γ = ψ with high precision.
Such system’s Hamiltonian is
H =
L∑
m=1
p2m/2 + V (rm+1 − rm) (1)
with pm the mth particle’s momentum, rm its displace-
ment from equilibrium position, and V (ξ) = ξ4/4. This
Hamiltonian has a scaling property, i.e., H/T = H ′/T ′
under pm = (T/T
′)
1
2 p′m and rm = (T/T
′)
1
4 r′m, result-
ing in a temperature-independent thermal transport [40].
Therefore, the system was conjectured to be an ideal,
clean anharmonic subject [13, 14]. However, the exist-
ing studies seem not well capturing such peculiar sys-
tem’s transport. Early prediction claimed α = 2/5 but
the relevant numerical studies only suggested α ≃ 0.37
and at that time it was thought to be close enough to
the prediction [41]. The quite recent predictions gave
α = 1/2 [13, 14] and γ = 3/2 (since potential is symmet-
ric) [31], but the convincing numerical results of α only
indicated α ≃ 0.38 [13, 14] and there is not any numerical
estimate of γ reported. It is thus very strange why such
a clean system can result in so confused conclusions. In
view of this obscure, and inspired by the new insight of
universality classification [33–38], it is surely necessary
to check this clean subject’s universality class with more
precise estimate, in particular for γ.
Golden mean universality class for γ.—To obtain
an accurate estimate of γ, we employ the correla-
tion function of heat energy fluctuation ρQ(m, t) =
〈∆Qi+m(t)∆Qi(0)〉
〈∆Qi(0)∆Qi(0)〉
[42], where 〈·〉 denotes the spatiotempo-
ral average; Qi(t) ≡ Ei(t)− (〈E〉+〈F 〉)gi(t)〈g〉 [21] is the heat
energy density at a coarse-grained location i and time
t with gi, Ei, and Fi the particle, energy, and pressure
densities, respectively; ∆Qi(t) ≡ Qi(t) − 〈Q〉 is its fluc-
tuation. Such a coarse-grained ρQ(m, t) just corresponds
to the heat mode correlation in hydrodynamics [21, 42],
and thus ρQ(m, t) can be adopted to accurately extract
γ. The simulations are performed under an appropriate
temperature T = 0.5 by the usual molecular dynamics
simulations and we refer them to [43]. One point we re-
mind that we set both the equilibrium distance between
particles as well as the lattice constant to unity. This
makes the number of particles equal to the system size
L, and therefore, for systems with symmetric potential,
the average pressure 〈F 〉 ≡ 0.
Figure 1(a) depicts the measured ρQ(m, t) for three
long times. As expected, there are three Le´vy walk-
like profiles [20, 28] with a central peak along with two
side peaks. With these profiles and based on Le´vy walk
theory [20, 28], one then can perform a scaling analy-
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FIG. 1: The purely quartic anharmonic chain: (a) [(c)]
ρQ(m, t) [Rescaled ρQ(m, t)] for three typical long times;
(b)[(d)] The height HQc [H
Q
s ] of the central (side) peak of
ρQ(m, t) vs t. The inset in (c) is a zoom for the right side
peaks; the inset in (d) shows the same plot as (d) but with a
longer time t = 1900.
sis [20, 28]
t1/γρ(m, t) ≃ ρ(t−1/γm, t), (2)
to infer γ. In practice, γ is extracted from the time scal-
ing of the height HQc of the central peak by H
Q
c ∼ t−1/γ .
Figs. 1(b) and (c) present both results. To our own sur-
prise, a perfect scaling with γ nearly exactly located at
ψ can be clearly detected. In particular, Fig. 1(b) does
show a faultless scaling for all the considered times, which
is reasonable since the focused system is an ideal, clean
anharmonic subject [13, 14].
Cross-correlation between heat and sound modes.—
Clearly, our above estimate is deviation from the pre-
diction γ = 3/2 [31]. This leads us to carefully consider
the cross-correlation between heat and sound modes, for
which we explore the time scaling of the height HQs
of ρQ(m, t)’s side peaks [44]. As the scaling H
Q
s ∼
t−1.06±0.01 [see Fig. 1(d)] is now not so faultless, we
have also performed an estimate with a nearly twice
longer time. Undoubtedly, γ = ψ for central peak is
still recovered (no shown), but the new estimate suggests
HQs ∼ t−0.85±0.01 and with a trend towards lower values
[see the inset of Fig. 1(d)], which is almost comparable to
the scaling of HQc . This implies that, as time increases,
the decay of the cross-correlation will become slower and
slower.
With such unusual evidence, we then turn to NFHT,
and the point of deviation can then be understandable.
To obtain the two universality classes of γ = 5/3 and
γ = 3/2, NFHT requires to use the decoupling hypothesis
(in a asymptotic long time) [31]. That is why, in the
prediction the heat mode correlation usually does not
show additional side peaks, or in other words, the side
peaks are assumed to decay very quickly. However, our
estimate here shows that, for the focused purely quartic
anharmonic chain, this is not always the case. In fact,
it is just the slowly decaying cross-correlation between
3-0.6 0.0 0.6
0.000
0.018
-1.8 -0.9 0.0 0.9
-0.2
0.0
0.2
 
 
V(
)
 A=0
 A=0.25
(a)
 A=0.75
 A=1
 A=1.25
 
 
V(
)
(b)
FIG. 2: Potentials of cubic-plus-quartic anharmonic chain for
different A.
different modes resulting in the new classification γ = ψ,
which is basically consistent with the recent theoretical
conjecture of NFHT [34–38].
In fact, the purely quartic anharmonic system has not
yet been analyzed numerically in the NFHT scheme [45].
In view of this, we have measured the relevant heat and
sound modes correlations following the NFHT standard
(see [43]). The heat mode correlations for different times
show similar profiles as our estimate in Fig. 1, and the
scaling exponent γ for central peak exhibits deviation
from γ = 3/2 as well. Interestingly, the scaling of the
side peaks does display a similar slow decay. Besides,
certain correlation between two sound modes can also
be detected. Clearly, this last point has not yet been
addressed by the theory. All these evidences seem not
contradicting our above explanation.
Discussion of α.—γ = ψ implies α = α∗ ≃ 0.382, if
the Le´vy walk assumption [12, 28] is valid. Fortunately,
Fig. 1 seems to support such an assumption and thus
α = 2−γ appears valid. Based on this, even though here
γ is our main focus, we are able to discuss α. For the
early prediction α = 2/5 [41], as mentioned, this devia-
tion is understandable, since at that time, no additional
insight of γ had been gained, and α = 2/5 was already so
close to α = α∗. In fact, such renewed understanding also
took place by a more accurate estimate of a similar scal-
ing exponent in 2 + 1 dimensional Kardar-Parisi-Zhang
equation [46].
For the prediction α = 1/2, we remind that MCT [13,
14] resorts to one key hypothesis, i.e., the coupling be-
tween energy and momentum transport, and due to this
coupling, very long-time estimate thus requires. While
when applying to the purely quartic anharmonic sys-
tem, such coupling was conjectured to be particularly
simple: energy transport depends only on momentum
transport [13, 14]. This latter conjecture surely indicates
possible coupling between heat and sound modes, coinci-
dent with our above explanation. Viewing this, we have
performed a large-scale estimate (with system size up
to L = 163840) for α (see [43]). While a scaling with
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FIG. 3: The cubic-plus-quartic anharmonic chains: Rescaled
ρQ(m, t) (T = 0.5) for three typical long times (here and
below, the same as Fig. 1) for (a) A = 0.25, (b) A = 0.75, (c)
A = 1, and (d) A = 1.75, with measured average pressures
〈F 〉 ≃ −0.176, 〈F 〉 ≃ −0.543, 〈F 〉 ≃ −0.744, and 〈F 〉 ≃
−1.503, respectively. The insets are used as a zoom for the
side parts (right).
α = 0.388 ± 0.003 seems well fitted, in turn implying
γ = ψ. Therefore, whether the prediction α = 1/2 would
be observed for a yet larger L remains open [13, 14, 19].
In spite of the above unclear point, we suggest that,
inspired by MCT [13, 14] and combining the results of
Fig. 2 in [47], one might understand γ = ψ by a similarly
anharmonicity induced cascade process with a conver-
gence γ = ψ, since the purely quartic anharmonic chain
is a highly anharmonic limit of the FPUmodel considered
in [47].
Introducing cubic anharmonicity to destroy the cross-
correlation.—We next ask the question: whenever such
cross-correlation disappears, which universality class will
be recovered. Toward this aim, we include the cu-
bic anharmonicity to study a cubic-plus-quartic anhar-
monic chain [48], i.e., system with Hamiltonian (1) and
V (ξ) = Aξ3/3+ ξ4/4. Here, A (A > 0) controls the com-
parative strength of the cubic to quartic anharmonicity.
It causes the potential no longer being symmetric (see
several plots in Fig. 2). NFHT then predicted that such
system follows γ = 5/3 [21, 31], while at present no fur-
ther numerical estimate has been presented.
Figure 3 depicts the measured rescaled ρQ(m, t). In-
deed, with the increase of A, ρQ(m, t)’s side peaks are
distorted first [see the insets of Figs. 3(a)-(c)], and they
seem finally disappeared, as long as A is large enough [see
for example the inset of Fig. 3(d)]. This indicates that
including cubic anharmonicity does destroy the cross-
correlation between heat and sound modes, and eventu-
ally, a scaling exponent γ ≃ 1.672 [see Fig. 3(d)], which is
close to the prediction γ = 5/3 ≃ 1.667, can be observed.
Three observed universality classes.—Through a de-
tailed examination of γ versus A (Fig. 4), one might
roughly identify three universality classes, i.e., (I) γ1 = ψ
(A = 0), (II) γ2 ≃ 1.580 (0 < A < 1), and (III) γ3 = 5/3
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FIG. 4: The cubic-plus-quartic anharmonic chains: γ vs A.
The error bars are smaller than the symbol size.
(A ≥ 1). As mentioned, γ1 and γ3 are resulted from
a nonvanishing and vanishing cross-correlation between
heat and sound modes, respectively; and thus γ2 can
be understood by a transition process where a distorted
cross-correlation arises. Further examination shows that
this distortion is induced by an additional negative cor-
relation between heat and sound modes at the location
of ρQ(m, t)’s side peaks (see [43]). More-interestingly,
the second transition process seems discontinous (Fig. 4),
suggesting a feature similarly to that of structure phase
transition [24, 47].
Phase transitions.—We employ Fig. 2(a) to phe-
nomenologically understand the transition from (I) to
(II). This is mainly induced by the potential changed
from a symmetric to an asymmetric type, which causes
certain negative correlation between heat and sound
modes (as mentioned above, see [43]). Clearly, such slight
variation of correlations cannot be detected by only mea-
suring α [49–52]. Then if the formula α = 2− γ [12, 28]
is still valid, it causes the scaling exponent α increased
from α = α∗ to α ≃ 0.420. Such α value appearing
in the cubic-plus-quartic anharmonic chain under appro-
priate A seems somewhat distinct from those in other
typical systems with asymmetric potentials [49–52].
For the transition from (II) to (III), we regard it as
a temperature/anharmonicity induced structure phase
transition. Let us now turn to Fig. 2(b), which shows
potentials around the transition point Acr = 1. From
Fig. 2(b), for an arbitrary A, there should be a corre-
sponding critical temperature Tcr (and vice versa), be-
low which particles can only be trapped by the left well,
whereas above Tcr, particles are free but trapped by the
whole big well. Our results of Figs. 3 and 4 just suggest
that, for T = 0.5, Acr = 1 correspondingly.
To further verify the second conjecture, we finally es-
timate the system’s dynamic structure factor, i.e., the
particles’ density-density correlation function, defined by
ρg(m, t) =
〈∆gi+m(t)∆gi(0)〉
〈∆gi(0)∆gi(0)〉
[21]. Here, as mentioned,
gi(t) is the particle density and thus ∆gi(t) = gi(t)− 〈g〉
is its fluctuation. Simulation of ρg(m, t) is also similarly
to that of ρQ(m, t) [43]. In general, ρg(m, t) is conjec-
tured to exhibit one central Rayleigh peak and two side
Brillouin peaks, due to the anomalous transport [21].
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FIG. 5: The cubic-plus-quartic anharmonic chains: ρg(m, t)
(T = 0.5) for three typical long times for (a) A = 0.25, (b)
A = 0.75, (c) A = 1, and (d) A = 1.75. The inset in (d)
shows the rescaled central parts of ρg(m, t) under formula (2)
with γ = 5/3.
Figure 5 depicts the measured ρg(m, t) for several typi-
cal A. As expected, around Acr = 1, there is a clear vari-
ation of ρg(m, t), i.e., below Acr = 1, the central Rayleigh
peak is absent, while above Acr = 1, this peak starts to
emerge, due to the γ = 5/3 [see the inset of Fig. 5(d)]
universality class [21]. Such a variation of ρg(m, t) does
support our conjecture of structure phase transition.
Conclusion.—We have presented estimate with high
precision and shown that, the golden mean universality
class γ = ψ can appear in the scaling of heat mode cor-
relation in a purely quartic anharmonic chain. The key
reason for this universality is that, there exists an unusual
slow decay of the cross-correlation between heat and
sound modes. This understanding is basically consistent
with the recent argument of NFHT [34–38]. Including
cubic anharmonicity can destroy this cross-correlation
rapidly, and eventually, γ will be changed into γ = 5/3
universality class, as expected by the theory [31]. How-
ever, between γ = ψ and γ = 5/3, there are two in-
teresting phase transition processes where an additional
exponent γ ≃ 1.580 seems to appear. Further exam-
ination shows that, the first transition is induced by
the change of symmetry of the potential resulting in a
distorted cross-correlation; the second transition is due
to the anharmoncity induced structure phase transition
eventually destroying the cross-correlation. Clearly, such
two transitions suggest some new ingredients that should
be carefully considered in further examining the scaling
of thermal transport. Surely, all these rich evidences have
not yet been covered by present theories, and currently
they can only resort to numerical studies. Hopefully, the
observations can provide insight and further advance the
theories.
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1Supplementary Material for ‘Observing
Golden Mean Universality Class in the
Scaling of Thermal Transport’
1. Simulation details.— In the main text, ρQ(m, t) is
defined by
ρQ(m, t) =
〈∆Qi+m(t)∆Qi(0)〉
〈∆Qi(0)∆Qi(0)〉 . (S1)
Herein Qi(t) is defined as the heat density within a finite
volume (bin i) at time t whose expression is [S1–S3]
Qi(t) ≡ Ei(t)− (〈E〉 + 〈F 〉)gi(t)〈g〉 . (S2)
This expression is derived from basic thermodynamics in
conventional hydrodynamic theory [S1–S3] and therein,
gi, Ei, and Fi are the number of particles, the energy, and
the pressure within the bin, respectively; 〈·〉 represents
the spatiotemporal average.
To simulate Qi(t), we first divide the chain into several
equivalent bins. In each bin, we then calculate gi, Ei
and Fi within the bin. Finally, Qi(t) can be computed
according to Eq. (S2) and its fluctuation then is ∆Qi(t) =
Qi(t)− 〈Q〉.
To simulate ρQ(m, t) and ρg(m, t), in most cases we
consider a chain with L = 4001 particles, which allows
an initial heat or particle fluctuations located at the cen-
ter to spread out a lag time at least up to t = 1000.
Note that if one needs to simulate a longer time, a longer
size is required. We apply periodic boundary conditions
and fix the number of bins to be (L − 1)/2. We use the
stochastic Langevin heat baths [S4, S5] to thermalize the
system and to prepare a canonical equilibrium state to
the focused temperature T = 0.5. Under these setups, we
employ the Runge-Kutta algorithm of seventh to eighth
order with a time step of h = 0.05 to evolve the system.
Each canonical equilibrium system is prepared by evolv-
ing the system for a long enough time (> 107 time units)
from properly assigned initial random states. Finally, we
use ensembles of about 8 × 109 data points to compute
both correlation functions.
2. Correlation functions under the NFHT scheme.—
Instead of using the three locally conserved quantities:
particle number gi, momentum pi, and energy Ei in a
coarse-grained bin description, in conventional hydrody-
namic theory [S1–S3], NFHT [S6–S8] adopts the stretch
sm = rm+1−rm, momentum pm, and energy Em for con-
served quantities for each labelling particle. With these
conserved quantities, one then can consider small fluctu-
ations: u1(m, t) = sm(t)−〈s〉, u2(m, t) = pm(t)−〈p〉, and
u3(m, t) = Em(t) − 〈E〉, and construct the correspond-
ing conserved field ~u = (u1, u2, u3) for the fluctuating
hydrodynamic equations.
The quantities of interest are the equilibrium correla-
tions of ~u = (u1, u2, u3) with elements:
Cµν(m, t) = 〈uµ(m, t)uν(0, 0)〉, (S3)
where µ, ν ≡ 1, 2, 3. NFHT suggests that one can switch
to normal modes correlations through the transformation
(ϕ−1, ϕ0, ϕ1) = ~ϕ = R~u, where ϕ±1 represent two sound
modes traveling at sound speed in opposite directions,
ϕ0 corresponds to the stationary heat mode, and R is a
matrix known analytically in Eq. (8.13) of [S7].
With this transformation, one then can move to the
normal modes correlation functions:
Cσσ′ (m, t) = 〈ϕσ(m, t)ϕσ′ (0, 0)〉, (S4)
where σ, σ′ ≡ −1, 0, 1.
For the purely quartic anharmonic chain under tem-
perature T = 0.5 and pressure 〈F 〉 = 0 [S7],
R =


−1.02277 −1 0
0 0 2.3094
−1.02277 1 0

 . (S5)
We first estimate the 3 × 3 correlation functions of con-
served field, then after a transformation we obtain the
relevant normal modes correlations and show them in
Fig. S1. As can be seen, the heat mode correlation
C00(m, t) shows a similar profile as the estimate in Fig. 1
[see Fig. S1(e)]; the scaling of the central peak indicates
an exponent γ ≃ 1.642 (see Fig. S2), deviation from
the prediction γ = 3/2 [S7] as well; the scaling of the
side peaks display a similar behavior as that shown in
Fig. 1 (see the right inset of Fig. S2). In addition, it
would be interesting to observe certain correlation be-
tween two sound modes, i.e., C−11(m, t) and C1−1(m, t)
[see Figs. S1(c) and (g)]. Finally, it is hard to detect
any information from C−10(m, t); C0−1(m, t); C01(m, t),
and C10(m, t) [see Figs. S1(b);(d);(f);(h)], and the cross-
correlation between heat and sound modes can only be
observed in the side peaks of C00(m, t) [see Fig. S1(e)].
This seems to support one of the key arguments of
MCT [S9]: the thermal transport at any (sufficiently
low) frequency can be determined entirely by the ther-
mal transport and momentum transport at much higher
frequencies, while the vice versa will not happen; since
here the sound (heat) mode corresponds to the low (high)
frequency component.
3. Estimate of α.—To numerically measure α for the
purely quartic anharmonic chain, we adopt the direct
nonequilibrium approach [S10]. It connects No´se-Hoover
thermal reservoirs [S11] to the end particles of the chain
with temperatures T+ = 0.6 and T− = 0.4, and thus
the averaged temperature along the chain is located at
T = 0.5. After long times (at least up to 4 × 108) evo-
lution and when a steady state has been obtained, we
then check the temperature profiles. As expected, in
Fig. S3(a) all the temperature profiles curves for differ-
ent L indicate a proper scaling behavior. With this fa-
cility, the thermal conductivity κ then can be measured
by κ = JL/(T+ − T−). Fig. S3(b) shows the system-size
dependence of κ up to L = 163840. This long L is used
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FIG. S1: The purely quartic anharmonic chain: the 3× 3 correlation functions of heat and sound modes, for three long times
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to obtain the asymptotic behavior of the power-law di-
vergence. The fitting, which is validated nearly perfectly
for all the considered L (from L = 160 to L = 163840,
four orders of size), shows α = 0.388±0.003. This scaling
seems to support γ = ψ if the formula γ = 2−α is valid.
4. Certain negative correlation.—We find that the
distorted side peaks shown in ρQ(m, t) for the cubic-
plus-quartic anharmonic chain (A > 0) is related to cer-
tain negative correlation between heat and sound modes.
For this we take A = 0.25 for example. In the parti-
cle label description, under temperature T = 0.5, the
measured pressure is 〈F 〉 ≃ −0.3262, nearly twice that
(〈F 〉 ≃ −0.176) shown in the bin description (since the
bin size is 2). Applying this pressure into Eq. (8.13)
of [S31], we obtain:
R =


−1.01608 −1 −0.04184
−0.07542 0 2.31211
−1.01608 1 −0.04184

 . (S6)
With this and following similar NFHT scheme as
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FIG. S3: The purely quartic anharmonic chain: (a) Tempera-
ture profiles for four long L; (b) The measured L dependence
of κ.
above, we are able to derive the corresponding nor-
mal modes correlations. Fig. S4 depicts such a re-
sult. In most cases, it shows similar profiles as Fig. S1,
whereas for C−10(m, t); C0−1(m, t); C01(m, t), and
C10(m, t), additional information now can be detected
[see Figs. S4(b);(d);(f);(h)]. This seems to support that,
instead of the fact: the energy (thermal) transport de-
pends only on momentum transport in the particular
purely quartic anharmonic chain, here, for the cubic-plus-
quartic anharmonic chain, both the coupling between
energy and momentum transport should be taken into
account, which is in agreement with the theoretical ar-
gument of MCT [S9]. In particular, at the location of
the side peak of the heat mode correlation, certain nega-
tive correlation of C−10(m, t); C0−1(m, t); C01(m, t), and
C10(m, t) can be clearly identified. This last point just
corresponds to the distortion of the side peaks of ρQ(m, t)
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FIG. S4: The cubic-plus-quartic anharmonic chain (A = 0.25): the same plot as Fig. S1.
observed in Fig. 3. Since such distortion is expected to
affect the scaling of ρQ(m, t)’s central peak, the new ob-
served exponent γ ≃ 1.580 is likely to appear.
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